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ARTICLE INFO ABSTRACT
Keywords: This article proposes a graph-based maximum pairwise difference (MPD) test to compare K-
Graph-based methods sample distributions. This test can be utilized to identify the most informative variables con-
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tributing to the heterogeneity of multiple multivariate distributions. To construct the test, we
first pool observations from multiple samples to create a similarity graph based on the distances
between any two observations. For each observation, we next evaluate its connection probability
to each sample. Then, we doubly maximize the squared differences of these connection probabil-
ities via the within and between samples. Accordingly, the MPD test is a max-of-squares test and
can effectively detect sparse alternatives. In addition, we show the asymptotic null distribution
of the test statistic and establish its consistency under alternatives. To illustrate the finite sample
performance of the proposed test, we conduct extensive simulation studies. The results indicate
that the MPD test outperforms some commonly used multisample tests. Finally, we employ it to
select relevant features related to corporate credit ratings.

1. Introduction

Testing the equality of K underlying distributions has been a widely studied problem in economics and statistics. This fundamental
K-sample testing problem is frequently discussed in the research literature across various disciplines. For example, in data science,
a standard assumption is that both the in-sample and out-of-sample data are drawn from an identical distribution; otherwise, the
trained model may perform poorly in out-of-sample forecasts. Consequently, distribution shift detection emerges as a fundamental
issue in data science. This task involves determining whether the distributions of two datasets are equivalent, as explored by Hur
and Liang (2025). Additionally, in comparing predictive accuracy of various machine learning methods, an important question is
whether a statistically significant difference exists between the distributions of the forecast errors induced by these methods (Hassani
and Silva, 2015). Furthermore, in multiple-source data integration, testing distributional equality across different groups of data can
simplify the model construction for the pooled dataset (Zhang et al., 2024). These examples highlight the practical significance for
testing K-sample distributions.

During the past several decades, much effort in the literature has been devoted to addressing the K-sample problem via parametric
and nonparametric methods see, e.g., Kruskal (1952), Zhang and Wu (2007), Cai et al. (2017), Chen (2020). In the parametric
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$X_i^{(k)} \ (i=1, \ldots , n_k)$


$F_k \ (k=1, \ldots , K)$


$N=\sum _{k=1}^{K}n_k$


$X_i^{(k)}$


$\boldsymbol {X}=(X_1, \ldots , X_N)=(X_1^{(1)}, \ldots , X_{n_1}^{(1)}, X_1^{(2)},$


$\ldots , X_{n_2}^{(2)}, \ldots , X_1^{(K)}, \ldots , X_{n_K}^{(K)})$


$\sum _{l=0}^{k-1} n_l< i \le \sum _{l=0}^{k} n_l$


$n_0=0$


$X_i$


$k$


$k=1,\ldots ,K$


$\mathcal {C}_k=\{\sum _{l=0}^{k-1} n_l+1, \ldots , \sum _{l=0}^{k} n_l\}$


$k$


$i=1,\ldots , N$


$g_i$


$X_i$


$i\in \mathcal {C}_{k}$


$g_i=k$


$k=1,\ldots , K$


$i=n_0+\cdots +n_{k-1}+1, \ldots , n_0+\cdots +n_k$


$K$


\begin {equation}\label {hypo} H_0: F_1=\cdots =F_K \quad \text {versus} \quad H_1: F_{k_1} \neq F_{k_2} \ \text {for some} \ 1 \le k_1 < k_2 \le K.\end {equation}


$k_1, \ldots , k_m \in \{1, \ldots , K\}$


$k_{m+1}, \ldots , k_K \in \{1, \ldots , K\}$


$F_{k_1} \neq \cdots \neq F_{k_m}, F_{k_{m+1}} = \cdots = F_{k_K}$


$m$


$K$


$X_i$


$X_j$


$\|X_{i}-X_{j}\|< \tau $


$\tau >0$


$A_{\tau }=(A_{ij,\tau })_{N \times N}$


$A_{ij,\tau }=1$


$X_i$


$X_j$


$A_{ij,\tau }=0$


$A_{ii,\tau }=0$


$i=1, \ldots , N$


\begin {equation*}\hat {P}_{i,\tau }^{(g_i)}=\frac {1}{n_{g_i}-1}\sum _{j \in \mathcal {C}_{g_i}}A_{ij,\tau }.\end {equation*}


$g_i$


$k \ (g_i \neq k)$


\begin {equation*}\hat {P}_{i,\tau }^{(k)}=\frac {1}{n_{k}}\sum _{j \in \mathcal {C}_{k}}A_{ij,\tau }.\end {equation*}


$K$


$\hat {P}_{i,\tau }^{(g_i)}$


$\hat {P}_{i,\tau }^{(k)}$


$E\big (\hat {P}_{i,\tau }^{(g_i)}-\hat {P}_{i,\tau }^{(k)}\big )=0$


$Var\big (\hat {P}_{i,\tau }^{(g_i)}-\hat {P}_{i,\tau }^{(k)}\big )=\left (\frac {1}{n_{g_i}-1}+\frac {1}{n_{k}}\right )\left (p_{11,\tau }-p_{12,\tau }\right )$


$p_{11,\tau }=p_{0,\tau }(1-p_{0, \tau }),p_{0,\tau }=E\left \{I(\|X_i-X_j\|<\tau )\right \},p_{12,\tau }=E(\delta _{ij,\tau }\delta _{im,\tau })$


$\delta _{ij,\tau }=I(\|X_i-X_j\|<\tau )-p_{0,\tau }$


$i \neq j \neq m$


\begin {equation}\label {stat} T_{\tau }=\max _{ 1 \le i \le N} \max _{g_i \neq k} T_{i,\tau }^{(k)2}= \max _{ 1 \le i \le N} \max _{g_i \neq k} \frac {{\left (\hat {P}_{i, \tau }^{(g_i)}-\hat {P}_{i, \tau }^{(k)}\right )}^2}{\left (\frac {1}{n_{g_i}-1}+\frac {1}{n_{k}}\right )\left [\hat {p}_{11,\tau }^{(i)}(k)-\hat {p}_{12,\tau }^{(i)}(k)\right ]},\end {equation}


$\hat {p}_{11,\tau }^{(i)}(k)=\hat {p}_{0,\tau }^{(i)}(k)\left [1-\hat {p}_{0,\tau }^{(i)}(k)\right ],\hat {p}_{0,\tau }^{(i)}(k)=\frac {1}{n_{k}+n_{g_i}-1}\sum _{j \in \{\mathcal {C}_{g_i}, \mathcal {C}_{k}\}, i \neq j}A_{ij,\tau }$


$\hat {p}_{12,\tau }^{(i)}(k)= \frac {1}{n_{k}+n_{g_i}-1}\frac {1}{n_{k}+n_{g_i}-2} \sum _{j \in \{\mathcal {C}_{g_i}, \mathcal {C}_{k}\}, i \neq j} \sum _{m \in \{\mathcal {C}_{g_i}, \mathcal {C}_{k}\}, j \neq m \neq i}(A_{ij,\tau }-\hat {p}_{0,\tau }^{(i)}(k))(A_{im,\tau }-\hat {p}_{0,\tau }^{(i)}(k))$


$\hat {p}_{11,\tau }^{(i)}(k)$


$\hat {p}_{12,\tau }^{(i)}(k)$


$p_{11,\tau }$


$p_{12,\tau }$


$i=1,\ldots ,N$


$k=1,\ldots ,K$


$H_0$


$T_{\tau }$


$T_{\tau }$


$H_1$


$i$


$X_{i}^{(k)}\ (i = 1,\ldots ,7;\ k = 1,\ldots ,3)$


$i$


$\hat {P}_{i,\tau }^{(g_i)} = \frac {1}{2}$


$\hat {P}_{i,\tau }^{(k)} = \frac {1}{7}$


$k = 1,2$


$\hat {p}_{0,\tau }^{(i)}(k) = \frac {4}{13},\hat {p}_{11,\tau }^{(i)}(k) = \frac {36}{169}$


$\hat {p}_{12,\tau }^{(i)}(k) = -\frac {3}{169}$


$k = 1, 2$


$\max _{g_i \neq k} T_{i,\tau }^{(k)2} = \frac {25}{14}$


$T_{\tau }$


$T_{\tau }$


$T_{\tau }$


${(T_{1, \tau }, \ldots , T_{L, \tau })}^\top := {(T_{1, \tau }^{(2)}, \ldots , T_{1, \tau }^{(K)}, \ldots , T_{N, \tau }^{(1)}, \ldots , T_{N, \tau }^{(K-1)})}^\top $


$L=N(K-1)$


\begin {equation*}Q_{i, \tau }^{(k)}=\frac {\hat {P}_{i, \tau }^{(g_i)}-\hat {P}_{i, \tau }^{(k)}}{\left \{\left (\frac {1}{n_{g_i}-1}+\frac {1}{n_{k}}\right )\left (p_{11, \tau }-p_{12, \tau }\right )\right \}^{1/2}}=\alpha _{\tau }(g_i,k) \left (\hat {P}_{i, \tau }^{(g_i)}-\hat {P}_{i, \tau }^{(k)}\right ),\end {equation*}


$\alpha _{\tau }(g_i,k)=\left \{\left (\frac {1}{n_{g_i}-1}+\frac {1}{n_{k}}\right )\left (p_{11, \tau }-p_{12, \tau }\right )\right \}^{-1/2}$


${(Q_{1, \tau }, \ldots , Q_{L, \tau })}^\top :={(Q_{1, \tau }^{(2)}, \ldots , Q_{1, \tau }^{(K)}, \ldots , Q_{N, \tau }^{(1)}, \ldots , Q_{N, \tau }^{(K-1)})}^\top $


$\Sigma _{\tau }=(\sigma _{ij, \tau }) \in \mathbb {R}^{L \times L}$


${(Q_{1, \tau }, \ldots , Q_{L, \tau })}^{\top }$


$\Sigma _{\tau }$


$H_0$


$\Sigma _{\tau }$


$1 \le i \le N$


\begin {equation*}\text {cov}(Q_{i, \tau }^{(k_1)}, Q_{i, \tau }^{(k_2)}) = \left \{\begin {array}{cc} 1, & \text {if} \quad g_i \neq k_1=k_2, \\ \alpha _{\tau }(g_i,k_1)\alpha _{\tau }(g_i,k_2) \frac {p_{11, \tau }-p_{12, \tau }}{n_{g_i}-1}, &\text {if} \quad g_i \neq k_1 \neq k_2. \end {array}\right .\end {equation*}


$1 \le i,j \le N$


$1 \le g_i=g_j \le K$


\begin {equation*}\text {cov}(Q_{i, \tau }^{(k_1)}, Q_{j, \tau }^{(k_2)})= \left \{\begin {array}{cc} \alpha _{\tau }(g_i,k_1)\alpha _{\tau }(g_i,k_2) \frac {p_{11, \tau }+(n_{g_i}-4)p_{12, \tau }}{(n_{g_i}-1)^2}, & \text {if} \quad g_i=g_j \neq k_1 \neq k_2, \\ \alpha _{\tau }(g_i,k_1)\alpha _{\tau }(g_i,k_1)\left [\frac {p_{11, \tau }+(n_{g_i}-4)p_{12, \tau }}{(n_{g_i}-1)^2}+\frac {p_{12, \tau }}{n_{k_1}} \right ], & \text {if} \quad g_i=g_j \neq k_1= k_2. \end {array}\right .\end {equation*}


$1 \le i,j \le N$


$1 \le g_i \neq g_j \le K$


\begin {equation*}\text {cov}(Q_{i, \tau }^{(k_1)}, Q_{j, \tau }^{(k_2)})= \left \{\begin {array}{cc} -\alpha _{\tau }(g_i,g_j)\alpha _{\tau }(g_j,k_2)\frac {p_{12, \tau }}{n_{g_j}}, & \text {if} \quad k_1 =g_j \neq g_i \neq k_2, \\ -\alpha _{\tau }(g_i,k_1)\alpha _{\tau }(g_j,g_i)\frac {p_{12, \tau }}{n_{g_i}}, & \text {if} \quad g_i=k_2 \neq k_1\neq g_j, \\ \alpha _{\tau }(g_i,k_1)\alpha _{\tau }(g_j,k_1)\frac {p_{12, \tau }}{n_{k_1}}, & \text {if} \quad k_1=k_2 \neq g_i \neq g_j, \\ \alpha _{\tau }(g_i,g_j)\alpha _{\tau }(g_j,g_i)\frac {p_{11, \tau }-(n_{g_i}+n_{g_j}+2)p_{12, \tau }}{n_{g_i}n_{g_j}}, & \text {if} \quad g_i=k_2 \neq k_1= g_j, \\ 0, & \quad \text {otherwise}. \\ \end {array}\right .\end {equation*}


$\Sigma _{\tau }$


$(K-1)(K-2)/2$


$K>2$


$K=3$


$n_1=n_2=n_3=N/3$


$\Sigma _{\tau }$


$2N \times 2N$


$i \in \mathcal {C}_{1}$


$Q_{i, \tau }^{(2)}=\alpha _{\tau } \left ( \hat {P}_{i, \tau }^{(1)}-\hat {P}_{i, \tau }^{(2)} \right )$


$Q_{i, \tau }^{(3)}=\alpha _{\tau } \left ( \hat {P}_{i, \tau }^{(1)}-\hat {P}_{i, \tau }^{(3)} \right )$


$\alpha _{\tau }=\left \{ \left (\frac {1}{N/3-1}+\frac {1}{N/3}\right )\left (p_{11, \tau }-p_{12, \tau }\right )\right \}^{-1/2}$


\begin {equation*}Q_{i, \tau }^{(2)}-Q_{i, \tau }^{(3)}=\alpha _{\tau } \left ( \hat {P}_{i, \tau }^{(3)}-\hat {P}_{i, \tau }^{(2)} \right )=\frac {3\alpha _{\tau }}{N} \Big ( \sum _{j \in \mathcal {C}_{3}}A_{ij, \tau }-\sum _{j \in \mathcal {C}_{2}}A_{ij,\tau } \Big )\end {equation*}


\begin {equation*}\sum _{i \in \mathcal {C}_{1}} \left (Q_{i,\tau }^{(2)}-Q_{i,\tau }^{(3)}\right )=\frac {3\alpha _{\tau }}{N} \Big ( \sum _{i \in \mathcal {C}_{1}} \sum _{j \in \mathcal {C}_{3}}A_{ij,\tau }-\sum _{i \in \mathcal {C}_{1}}\sum _{j \in \mathcal {C}_{2}}A_{ij,\tau } \Big ).\end {equation*}


\begin {equation*}\sum _{i \in \mathcal {C}_{2}} \left (Q_{i,\tau }^{(3)}-Q_{i,\tau }^{(1)}\right )=\frac {3\alpha _{\tau }}{N} \Big ( \sum _{i \in \mathcal {C}_{2}} \sum _{j \in \mathcal {C}_{1}}A_{ij,\tau }-\sum _{i \in \mathcal {C}_{2}}\sum _{j \in \mathcal {C}_{3}}A_{ij,\tau } \Big )\end {equation*}


\begin {equation*}\sum _{i \in \mathcal {C}_{3}} \left (Q_{i,\tau }^{(1)}-Q_{i,\tau }^{(2)}\right )=\frac {3\alpha _{\tau }}{N} \Big ( \sum _{i \in \mathcal {C}_{3}} \sum _{j \in \mathcal {C}_{2}}A_{ij,\tau }-\sum _{i \in \mathcal {C}_{3}}\sum _{j \in \mathcal {C}_{1}}A_{ij,\tau } \Big ).\end {equation*}


$A_{\tau }$


$\sum _{i \in \mathcal {C}_{1}} \left (Q_{i,\tau }^{(2)}-Q_{i,\tau }^{(3)}\right )+\sum _{i \in \mathcal {C}_{2}} \left (Q_{i,\tau }^{(3)}-Q_{i,\tau }^{(1)}\right )+\sum _{i \in \mathcal {C}_{3}} \left (Q_{i,\tau }^{(1)}-Q_{i,\tau }^{(2)}\right )=0$


$Q_{i,\tau }^{(k)}$


$1 \le k \neq g_i \le K$


$i=1, \ldots , N$


$K>3$


$1 \le k_1\neq k_2\neq k_3 \le K$


\begin {equation}\label {equ} \sum _{i \in \mathcal {C}_{k_1}} \left (Q_{i,\tau }^{(k_2)}-Q_{i,\tau }^{(k_3)}\right )+\sum _{i \in \mathcal {C}_{k_2}} \left (Q_{i,\tau }^{(k_3)}-Q_{i,\tau }^{(k_1)}\right )+\sum _{i \in \mathcal {C}_{k_3}} \left (Q_{i,\tau }^{(k_1)}-Q_{i,\tau }^{(k_2)}\right )=0.\end {equation}


$k_1$


$(K-1)(K-2)/2$
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$k_3$


$K$


$(K-1)(K-2)/2$


$1= k_1 \neq k_2 \neq k_3 \le K$


$\Sigma _{\tau }$


$(K-1)(K-2)/2$


$\Sigma _{\tau }$


$i_1 \in \mathcal {C}_1$


$Q_{i_1,\tau }^{(3)}, \ldots ,Q_{i_1,\tau }^{(K)}$


$i_2 \in \mathcal {C}_2$


$Q_{i_2,\tau }^{(4)}, \ldots ,Q_{i_2,\tau }^{(K)}$


$\cdots $


$i_{K-2} \in \mathcal {C}_{K-2}$


$Q_{i_{K-2},\tau }^{(K)}$


$N$


${L}^{*}=N(K-1)-(K-1)(K-2)/2$


$(\widetilde {Q}_{1,\tau }, \ldots , \widetilde {Q}_{{L}^{*},\tau })^\top $


${\Sigma }_{\tau }^{*}=(\sigma _{ij, \tau }^*)$


$(\widetilde {Q}_{1,\tau }, \ldots , \widetilde {Q}_{{L}^{*},\tau })^\top $


${\Sigma }_{\tau }^{*}$


$(\widetilde {T}_{1, \tau }, \ldots , \widetilde {T}_{{L}^{*},\tau })^\top $


\begin {equation}\label {stat-2} \widetilde {T}_{\tau }=\max _{1 \le i \le {L}^{*}} \widetilde {T}_{i, \tau }^2,\end {equation}


$1 \le k \le K$


$\gamma _k$


$n_k/N \to \gamma _k$


$N \to \infty $


$\gamma _{\min }$


$\gamma _{\max }$


$0 < \gamma _{\min } \le \gamma _k \le \gamma _{\max } <1$


$L^*$


$\lambda _1$


$\lambda _2$


$0 < \lambda _1< \lambda _{\min }(\Sigma _{\tau }^{*})<\lambda _{\max }(\Sigma _{\tau }^{*})<\lambda _2$


$\lambda _{\min }(A)$


$\lambda _{\max }(A)$


$A$


$N \to \infty ,K$


$\frac {K^3 \log ^{28} N}{N} \to 0$


$\widetilde {Q}_{l,\tau }\ (l=1,\ldots ,L^*)$


$K$


$N$


$N^{1/3}$


$\tau $


$0<p_{0, \tau }<1$


$p_{11, \tau } \neq p_{12, \tau }$


$H_0$


\begin {equation*}\sup _{x \in \mathbb {R}} \Big | P\{\widetilde {T}_{\tau }/\log L^*<x\}- P\{\max _{1 \le i \le L^*}Z_i^2/\log L^* <x\} \Big | \to 0,\end {equation*}


$N \to \infty $


$Z=(Z_1, \ldots , Z_{L^*})^\top $


${\Sigma }_{\tau }^{*}$


$p_{0,\tau }$


$\tau $


$X_i, X_j \sim N(0,I_p),\|X_i-X_j\|^2$


$N(2p,8p)$


$p$


$p_{0,\tau }$


$\tau $


$\sqrt p$


$\tau $


$\alpha $


$\widetilde {T}_{\tau } \ge q_{\alpha }$


$q_{\alpha }$


$(1-\alpha )$


$\max _{1 \le i \le L^*}Z_i^2$


${\Sigma }_{\tau }^*$


$p_{0,\tau },p_{11,\tau }$


$p_{12,\tau }$


${\Sigma }_{\tau }^*$


$\hat {p}_{0,\tau }=\{N(N-1)\}^{-1}\sum _{i=1}^{N} \sum _{j \neq i} A_{ij,\tau },\hat {p}_{11,\tau }=\hat {p}_{0,\tau }(1-\hat {p}_{0,\tau })$


$\hat {p}_{12,\tau }=\{N(N-1)(N-2)\}^{-1}\sum _{i=1}^{N} \sum _{j \neq i}\sum _{m \neq j \neq i} (A_{ij,\tau }-\hat {p}_{0,\tau })(A_{im,\tau }-\hat {p}_{0,\tau })$


$\hat {{\Sigma }}_{\tau }^*$


$M$


$\hat {{\Sigma }}_{\tau }^*$


$m$


$B^{(m)}=(B^{(m)}_1, \ldots , B^{(m)}_{L^*})^\top $


$m=1,\ldots , M$


$S^{(m)}=\max _{1 \le i \le {L}^{*}} B^{(m)2}_i$


$S_{\alpha }$


$(1-\alpha )$


$S^{(1)}, \ldots , S^{(M)}$


$\widetilde {T}_{\tau }$


$S_{\alpha }$


$b$


$T^*_{b, \tau }$


$B$


$t_\alpha $


$(1-\alpha )$


$T^*_{1, \tau }, \ldots , T^*_{B, \tau }$


$\widetilde {T}_{\tau }$


$t_\alpha $


$\widetilde {T}_{\tau }$


$\hat {p}_{0, \tau }^{(i)}(k)$


$\hat {p}_{12, \tau }^{(i)}(k)$


$i \in \mathcal {C}_k,j \in \mathcal {C}_l$


$m \in \mathcal {C}_s$


$p_{kl, \tau }=E\left \{I(\|X_i-X_j\|<\tau )\right \}$


$p_{kls, \tau }=E\left \{I(\|X_i-X_j\|<\tau )I(\|X_i-X_m\|<\tau )\right \}$


$\hat {p}_{0, \tau }^{(i)}(k)$


$\hat {p}_{12, \tau }^{(i)}(k)$


$1 \le g_1, g_2, g_3 \le K$


$\gamma ^{g_3}_{g_1g_2}=\frac {\gamma _{g_3}}{\gamma _{g_1}+\gamma _{g_2}}$


$H_1$


\begin {equation*}\begin {aligned} E\{\hat {p}_{0, \tau }^{(i)}(k)\} \to \sigma _{0, \tau }^{(i)}(k)&\ := \gamma ^{g_i}_{g_ik}p_{g_ig_i, \tau }+\gamma ^{k}_{g_ik}p_{g_ik, \tau }, \\ ~and~ E\{\hat {p}_{12, \tau }^{(i)}(k)\} \to \sigma _{12, \tau }^{(i)}(k)&\ := \frac {1}{n_{g_i}+n_k} \sum _{l \in \{g_i,k\}} \gamma ^{l}_{g_ik} \Big \{\sum _{s \in \{g_i,k\}} \gamma ^{s}_{g_ik} p_{g_ils, \tau }- p_{g_ill, \tau }\\ &+\ \sum _{s \in \{g_i,k\}} \gamma ^{s}_{g_ik} p_{g_il, \tau }p_{g_is, \tau }-p_{g_il, \tau }^2 \Big \}. \end {aligned}\end {equation*}


$E\{\hat {p}_{0, \tau }^{(i)}(k)\}$


$E\{\hat {p}_{12, \tau }^{(i)}(k)\}$


$i$


$g_i$


$k$


$\sigma _{11, \tau }^{(i)}(k)=\sigma _{0, \tau }^{(i)}(k)(1-\sigma _{0, \tau }^{(i)}(k))$


\begin {equation}\label {diff} \nu ^{(i)}_{\tau }(k)=\frac {(p_{g_ig_i, \tau }-p_{g_ik, \tau })^2}{ \left (\frac {1}{n_{g_i}-1}+\frac {1}{n_k}\right ) \left [ \sigma _{11, \tau }^{(i)}(k)-\sigma _{12, \tau }^{(i)}(k)\right ]}\end {equation}


$\nu ^{(i)}_{\tau }(k)=0$


$i$


$k$


$i$


$k$


$\nu ^{(i)}_{\tau }(k)>0$


$\nu ^{(i)}_{\tau }(k)$


$\tau $


$0<p_{0, \tau }<1$


$p_{11, \tau } \neq p_{12, \tau }$


$H_1$


$\max _{1 \le i \le N, 1 \le k \le K} \nu ^{(i)}_{\tau }(k)>(4+\epsilon )\log L^*$


$\epsilon $


\begin {equation*}P(\widetilde {T}_{\tau } > S_{\alpha }) \to 1,\end {equation*}


$S_{\alpha }$


$\nu ^{(i)}_{\tau }(k)$


$\nu ^{(i)}_{\tau }(k)$


$i$


$k$


$\nu ^{(i)}_{\tau }(k)$


$\nu _{\tau }^{(i)}(k)$


$\max _{1 \le i \le N, 1 \le k \le K} \nu _{\tau }^{(i)}(k)$


$\tau $


$\tau $


$T_{\tau }$


$K$


$\tau $


$n_k=N/K\doteq n$


$1 \le k \le K$


$i \in \mathcal {C}_k,j \in \mathcal {C}_l$


$F_{kl}$


$\|X_i-X_j\|^2$


$p_{kl, \tau }=E\left \{I(\|X_i-X_j\|<\tau )\right \}$


$F_{kl}(\tau ^2)=p_{kl, \tau }$


$F_{kl}$


$F^{-1}_{kl}$


$f_{kl}$


$F_{kk}=F_{kl}$


$F^{-1}_{kk}F_{kl}(\tau ^2)-\tau ^2=0$


$1 \le k,l \le K$


$l \ (l \neq k)$


$F_{kk} \neq F_{kl}$


$F^{-1}_{kk}F_{kl}(\tau ^2)-\tau ^2 \neq 0$


\begin {equation*}H_1^*: F^{-1}_{kk}F_{kl}(\tau ^2)-\tau ^2=\omega _{kl} \sqrt {K\log L^* /N},\end {equation*}


$\tau $


$l \neq k$


$\omega _{kl}$


$\tau $


$X_i^{(1)}$


$(i=1,\ldots ,n)$


$X_i^{(2)}$


$(i=1,\ldots ,n)$


$N(0,I_p)$


$N(\mu ,I_p)$


$p\to \infty , \tau ^2=2p+O(\sqrt p),$


$\sqrt p\,\mu ^2\to 0.$


$F_{11}^{-1}\!\big (F_{12}(\tau ^2)\big )-\tau ^2 = -p\mu ^2\{1+o(1)\}.$


$H_1^*$


$\mu = O\!\left ( \frac {\log n}{np^2} \right )^{1/4}.$


$X_i^{(1)}$
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$\bar {\sigma }_{12,\tau }^{(i)}(k) = \frac {1}{8n} \left ( 2p_{g_i g_i k,\tau } - p_{g_i g_i g_i,\tau } - p_{g_i k k,\tau } \right ).$
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\begin {equation*}\text {lim}_{N \to \infty }\Sigma ^{-1}= \frac {N}{4\Delta _2 (N\Delta _1-\Delta _2)} \left (\begin {array}{cc} \Delta _1+ \Delta _2&-(\Delta _1-\Delta _2) \\ -(\Delta _1-\Delta _2) &\Delta _1+ \Delta _2 \end {array}\right ),\end {equation*}
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approach, several tests have been developed to handle the K-sample problem see, e.g., Lopes et al. (2011), Cai et al. (2014). These
tests can be applied to multivariate data under certain distributional assumptions, such as multivariate normal distributions. In
such a setting, the K-sample comparison problem is equivalent to testing the equality of means or covariances across different
samples. However, these tests are not applicable when the distribution of observations is mis-specified. To avoid this issue, numerous
researchers have focused on nonparametric tests, such as the Kolmogorov-Smirnov test, the Wilcoxon test and the Wald-Wolfowitz
runs test (Bickel, 1969; Oja and Randles, 2004). While these tests are useful and insensitive to distribution assumptions, they are
not directly applicable to high-dimensional multivariate data. Here, the term “high-dimensional data” refers to the regime in which
the data dimension is allowed to diverge with the sample size and may even exceed it. With the advent of the big data era, high-
dimensional data are now commonly obtained and readily available in bioinformatics and genomics see, e.g., Bibby et al. (2022). In
addition, non-Euclidean data (such as image data, network data and functional data) are commonly collected in many applications
see, e.g., Kossinets and Watts (2006), Wang et al. (2016). Accordingly, how to effectively test the equality of multiple samples on
such complex data types has attracted great interest and study.

Recently, graph-based nonparametric tests have received considerable attention due to their robustness, flexibility and computa-
tional convenience. This type of test reformulates the distribution comparison problem into a study of a specifically designed graph,
which allows us to construct test statistics. For example, Friedman and Rafsky (1979) first constructed a k-minimum spanning tree
(k-MST) based on the pairwise distances among the pooled observations, and then computed the number of edges that connect
the nodes from different samples. However, this edge-count test usually suffers from low power when the dimension of the data is
moderate to high. To overcome this problem, Chen and Friedman (2017) proposed the generalized edge-count test, and Chen et al.
(2018) subsequently introduced the weighted edge-count test to address the sample imbalance problem. In addition to MST-type
tests, Schilling (1986) and Henze (1988) constructed tests based on k-nearest neighbor (k-NN) graphs. Moreover, Rosenbaum (2005)
employed the minimum distance nonbipartite pairing (MDP) and proposed the crossmatch test, which is exactly distribution-free in
finite samples. Bhattacharya (2019) provided a general framework for analyzing commonly used graph-based two-sample tests and
comparing their asymptotic properties. However, the abovementioned tests are only applicable for two-sample problems.

To address the K-sample problem, Nettleton and Banerjee (2001) proposed a graph-based multisample test based on the nearest-
neighbor graph. Then, Petrie (2016) extended the aforementioned edge-count test to study multisample problems. In addition,
Mukhopadhyay and Wang (2020) developed a K-sample testing procedure based on the LP graph kernel. Later, Song and Chen
(2022) generalized a method from Chen and Friedman (2017) and utilized both within-sample edges and between-sample edges to
construct the edge-count test. This test shows large power across a wide range of alternatives. Recently, Mukherjee et al. (2022)
extended the work from Rosenbaum (2005) and proposed a distribution-free nonparametric test based on the minimum nonbipartite
matching of pooled observations. This test can be efficiently applied to multivariate data as well as non-Euclidean data if the distance
between observations is well-defined.

It is of interest to note that most of the above tests are based on the sum-of-squares statistics. For example, Mukherjee et al.
(2022) proposed the multisample Mahalanobis crossmatch (MMCM) test, which is based on the Mahalanobis distance of the observed
cross-counts. In addition, Song and Chen (2022) considered Mahalanobis-like tests based on the within-sample and between-sample
edges. Based on the findings of Cai et al. (2014) and Feng et al. (2022), it is expected that the above methods will have high empirical
power against non-sparse alternatives (i.e., most underlying distributions are different from each other). Under sparse alternatives,
however, the sum-of-squares type tests may have low power. To get a better picture, we assume that the alternative hypothesis is
sparse so that there are only a few heterogeneous samples and most of the samples are homogeneous. Then, under sparse alternatives,
it is not surprising to find that the averaged signal is weak, although a few of the samples have strong signals. Consequently, the
sum-of-squares type tests may not detect sparse signals. Similar studies can be found in Fan et al. (2015) and Feng et al. (2022).

In practice, sparse alternatives are frequently encountered when we employ the K-sample test to conduct feature selections for
multi-category responses. Consider a scenario where we have multiple sets of multivariate data, each associated with distinct category
labels. Our primary purpose is to identify the relevant features that cause significant differences in the distributions of multiple
categories (Heller et al., 2016; Ghosh et al., 2021). In the context of feature selection, it is commonly found that certain features
can only distinguish between two or three categories. That is to say, these informative features exhibit significant distributional
differences among a small number of categories, while the distributions remain homogeneous across most of the other categories.
This phenomenon has been verified in our real-data analysis in Section 4, which aims to select relevant features related to corporate
credit ratings. For instance, the feature “PS” (Price to sales ratio; detailed illustrations are given in Table S.17 of the supplementary
material) exhibits distributional homogeneity among four categories, with only one category being an exception. Consequently, a
sparse alternative emerges in this problem. This practical challenge motivates us to develop a nonparametric multi-sample test. This
test is designed to be powerful under sparse alternatives and can be used to select significant features for multi-category responses.

Our method. After exploring the K-sample testing problem under sparse alternatives, we propose a graph-based nonparametric
test, namely the maximum pairwise difference (MPD) test. To compute the test statistic, we first construct a graph based on the
pairwise distances among pooled observations. For each observation, we then calculate the probabilities of connections “within” the
samples and “between” the samples, respectively. Subsequently, we doubly maximize the squared differences between the “within”
and “between” probabilities across all possible pairs of samples for each observation. Hence, under the null hypothesis, the connection
probabilities within the sample and between the samples are close to each other. By doubly maximizing the differences between the
probabilities of connections within the samples and between the samples, the proposed test statistic is expected to approach zero
under the null hypothesis, whereas the test statistic is expected to increase under the alternative hypothesis.

Our contribution. Compared with existing tests, the proposed test enjoys the following three appealing advantages.
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(1) Completely Nonparametric and Highly Versatile. The proposed test does not impose any parametric assumption on data
distributions or structural constraints on shift alternatives. Moreover, it is applicable to multivariate and non-Euclidean data, as
long as the similarity graph is well-defined.

(2) Suitable for Sparse Alternatives. According to the construction of the test statistic, the proposed test maximizes the squared
differences between two types of connection probabilities and belongs to the max-of-squares type test. Compared with the sum-
of-squares tests, it is expected to exhibit higher power against sparse alternatives in multiple-sample scenarios. This finding is
further validated through simulation studies in Section 3 of the main paper and Section S.4.1 of the supplementary material.
Under sparse alternatives, the proposed test outperforms other existing tests in effectively detecting small differences among the
K distributions.

(3) Robustness to Non-Sparse Alternatives. In addition to sparse alternatives, the proposed test performs well under non-sparse
alternatives, as evidenced by simulation results in Section S.4.4 of the supplementary material. To further characterize the
property of the MPD test under non-sparse alternatives, we establish its connection with the edge-count test proposed by Chen
and Friedman (2017). The analysis in Section 2.4 of the main paper suggests that the proposed test exhibits superior power under
non-sparse alternatives, particularly in scenarios involving covariance shifts and distribution shifts. This observation aligns with
simulation results presented in Tables S.11 and S.12 of the supplementary material.

Technical challenges. Under some mild conditions, we theoretically derive the asymptotic null distribution of the test statistic and
prove its consistency under alternatives. However, this theoretical analysis is nontrivial, since the proposed test statistic MPD is the
doubly maximum value induced by a number of probability differences. Hence, it naturally gives rise to two main technical challenges.
On the one hand, the covariance matrix resulting from these differences is singular because some differences can be represented as
linear combinations of other differences. On the other hand, there exist complex correlations among these differences, rendering
the test statistic a maximum of sums of correlated random vectors. Consequently, the classical asymptotic results for the maxima of
independent summations cannot be directly applied. To overcome these difficulties, we first devise a procedure to remove redundant
differences, thereby ensuring that the resulting covariance matrix is positive definite. To tackle the second challenge, we employ
two expansion techniques-Slepian interpolation and Stein’s leave-one-out method-to explicitly isolate the correlated components and
demonstrate that the discrepancy between the extracted and original forms is asymptotically negligible. Through this approach, we
rigorously establish a Gaussian approximation result for the proposed test when the number of samples K diverges.

Application novelty. Building on these advantages, we integrate the proposed MPD test with the graph-based feature selection
algorithm of Ghosh et al. (2021) to identify features that drive significant distributional differences across multiple categories. Com-
pared with conventional feature selection methods, this approach is completely nonparametric and imposes no additional assumptions
on the data distribution or model specification. Furthermore, it is capable of detecting subtle differences among different categories,
thereby identifying informative features that distinguish only a small subset of categories. This finding is supported by an empirical
analysis of a corporate credit rating dataset.

Numerical findings. To evaluate the finite-sample performance of the MPD test, we conduct extensive simulation studies. Simu-
lation results suggest that the proposed test not only controls the size well, but also is more powerful than existing tests. These results
align with theoretical findings, reinforcing the strong empirical performance of the proposed test.

The rest of this paper is organized as follows. Section 2 introduces the proposed MPD test, establishes its theoretical properties,
and investigates its relation to the edge-count test. Sections 3 and 4 present numerical studies and a real-data example, respectively.
Finally, the paper is concluded with a brief discussion in Section 5.

2. Hypothesis tests
2.1. Notations and tests

Let X fk) (i =1,...,n;) be the independent and identically distributed observations from F; (k =1, ..., K), and the total number
of observations is N = ZkK:] n,. Here, X ,.(k) can represent various types of data, such as multivariate data and non-Euclidean data.
Without loss of generality, we focus on multivariate data, where the number of features is allowed to be either fixed or diverging
with the sample size. For the sake of convenience, we rearrange the observations sample-by-sample, and denote X = (X,..., Xy) =
(Xi'), ,X,(,ll), Xiz), ,X,(é), ,X?K), ,X,(,';)). Accordingly, if Z;:OI n <i< Zf:o n; with ny, = 0, then the observation X; belongs to
the kth sample for k = 1,..., K. In addition, assume that the set C;, = {Z;:()l n+1,..., Z;‘zo n;} contains the collection of indices
associated with the observations coming from the kth sample. Moreover, for each i =1,..., N, define g; as the sample label of
observation X;. Thus, i € C;, means that g, =k, forsome k=1,...,Kandi=ny+ - +n_; +1,....,ng+ - + n.

To compare the K-sample distributions, we consider the following hypotheses:

Hy: Fy=-=Fg versus H,:F #F forsomel <k <k, <K. 1)
In this paper, we mainly focus on sparse alternatives, that is, there exist k;, ..., k,, € {1, ..., K} and k,,,, ..., kg € {1,..., K}, such that
Fy, # - # F . F,., = = Fy,, where m is relatively small compared with K. We then construct the test statistic via the following

three steps.

First, we regard every observation as a node of the graph, and create a graph based on the pairwise distances among pooled
observations. Specifically, observations X; and X; are defined to be connected if ||X; — X;|| < z; otherwise, these two observations
are disconnected. Here, 7 > 0 is a pre-specified tuning parameter. Accordingly, the adjacency matrix A, = (4;; ;)yxy is defined as

3
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Fig. 1. The connectivity patterns of the observation i.

follows: A;; . = 1 if observations X; and X; are connected; otherwise, 4;; . = 0. For the sake of completeness, we define A;; , = 0 for
i=1,..., N. This adjacency matrix constitutes a similarity graph.

Second, we construct the connection probabilities of the “within” sample and the “between” samples. Specifically, for each obser-
vation, the connection probability within the sample is defined as

sley _ 1
P =T > A
8i jngI

Analogously, the connection probability between the sample g; and the sample k (g; # k) is defined as follows:
pO_L s,
it T, ije
k jec
If the distributions of K samples are homogeneous, the connection probabilities of the “within” sample and the “between” samples
are quantitatively similar for each observation, and hence, the difference between f’i(f") and 15,.(’;) approaches 0. This motivates us to
propose the test statistic in the third step below.

Third, under the null hypothesis, we have E(ﬁi(’f") - 131(’;)) =0 and Var(f’éf” - PY) = <ng1—_1 + t) (P11c = P12c), where pyy, =

Po(1=po.)po. = E{IUIX, = X;|l < ©)}.p1ar = E(S;j 8ip)> and &, = I(||X; — X,|| < ) — py, for any i #j# m. To improve the
power of this test under sparse alternatives, we doubly maximize the squared difference between the two types of connection proba-

bilities across all observations and samples. Accordingly, the test statistic is

N “ 2
( pE) _ P,(k))
i,T i,T

T = oy, max T = max wtk ’ @
<isN g ’ <IN g 1 1 A(0) (D)
<ngi—l + ﬁ) [Pll,r(k) - p12,r(k)]
where 5 (k) = p (|1 - 52 o) [, (k) = —— ¥ Ajandpl) ()= ———1_—% ) (Ajje =
pl e = pO,T pO,T > pO,T = ”k+”g[_l jG(Cg[,Ck},i;&j ij,T> plZ,T - ”k'”’g[_l "k+"g‘v_2 jE(Cgi,Ck)J#j mE(Cg[,Ck}J'#m#i ij,T

ﬁg,)r(k))(A,-m,T — ﬁg’)f(k)). Note that ﬁ(lil)’f(k) and ﬁii;,r(k) in the denominator of (2) are the estimators of p;, , and p,, ,, respectively, for
eachi=1,...,N and k= 1,..., K. Under the null hypothesis H, the test statistic T, is expected to be small. Conversely, the test
statistic T, is expected to be large under the alternative hypothesis H,.

To illustrate the construction of the proposed test statistic more clearly, we provide a straightforward computation based on a
simple toy example. As depicted in Fig. 1, we first generate seven observations X l.(k) i=1,...,7;, k=1,...,3) from three different
distributions, respectively. Then, for a given observation i that belongs to the third sample, the estimated probabilities of the “within”

sample and the “between” samples are ﬁffﬂ = % and Isi(’;) = % for k = 1,2. Furthermore, we obtain ﬁg)r(k) = %, ﬁ(lil) (k)= 136—69, and

ﬁ(l’;,f(k) = —% for k = 1,2. Consequently, for this observation, we have max,, Tl.ff)z = %. Repeating this calculation for all observa-
tions and taking the maximum across them yields the overall test statistic 7.

According to (2), the core of the proposed statistic T, is the maximum of the differences between all possible pairs of samples,
rather than the sum of the differences between all possible pairs of samples. As a result, compared with other graph-based tests,
the proposed test is expected to be powerful against sparse alternatives for multiple samples. It is worth noting that although we
mainly focus on sparse alternatives, our theoretical results are applicable to non-sparse alternatives; see discussion in Section 2.4.
Furthermore, the proposed test leverages the similarity graph to construct the test statistic. This implies that, in addition to Euclidean
distance, alternative similarity metrics can be used to construct the graph among multivariate continuous observations. Besides,
as long as pairwise distances between observations are well-defined, the proposed test is also applicable to various types of data,
including non-Euclidean data and mixed continuous/discrete data. More details are provided in Section S.1 of the supplementary
material.
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2.2. Theoretical properties

Before establishing the theoretical properties of the proposed test statistic 7, we investigate the structure of the covariance matrix
T . .
of (T Ty )T i= @2, T, TP . TEY)" where L = N(K - 1). To this end, we define

p&) _ pk)
(k) _ Pi,‘rl - Pi;r

it 1/2
1 1
{ <”gﬁ1 + a) (P11c _p12,r)}

-1/2 .
where a,(g;, k) = {( L4 l)(p”’f —plz’r)} . Then denote (Q,,,....0; )" := (Q(z),...,Q(li),...,Q%%T,..A,QE\,I:U) , and let

p&i) Hk
= a,(g. b (PE - B,

ng,—1 ny Iz
2, = (0,;,) € R be the covariance matrix of (Q, ,.....Q L’T)T. Under the null hypothesis, the explicit expression of the covariance
matrix X, is shown in Proposition 1.

Proposition 1. Under H,, the entries of the covariance matrix X_ are given below.

e Forany1 <i <N,

1, if g #k =k,
(k1) ko) _ _ ’ i 1 2
COV(Qi,T ’ QIK,T )= { o (g, ko (g, kz)p—“"’;f;h s lf g F ki # k.

e Forany1<i,j<Nandl1<g =g, <K,

p11cHng —4p1o

(g kyac(g ko) —— 55— if g=g #k #ky,
COV(Q(kl) Q(kz)) ) ) LX
it *Zjr /T Piictng =Hpio:  piog .
@8 kg ) | TG 4 T g =g Ak =k
e Forany1<i,j<Nand1<g #g; <K,
Pios .
_a‘[(gi’gj)a‘r(ngkz) nlz s lf k)= &j * 8 # ks
%
Pi2x .
—a (g, kpa (g, 8;) ’11: , if gi=ky#k # &j»
Piox .
cov(@", 017 = 4 o (g, k(g kD5, if ky=k #g#g
Pr1,c—(ng;+ng. +2)p12, .
@ (g 8)ac(g) 8)—— L s=k#k =g
i 78
0, otherwise.

Unfortunately, the covariance matrix X, is not positive definite, and the number of zero singular values is (K — 1)(K —2)/2
for K > 2. For the sake of illustration, we consider the following example. Assume that K =3 and n; = n, = n; = N/3. Then,

the dimension of T, is 2N x 2N, and, for any i € C;, we have that 0 = a,(f’i(i) - f’i(i)) and Q%) = af(f’i(? - 131.(?), where a, =

-1/2
1 1 :
{(N/}l + N_/3)(p“v7 —I’12,r)} . Accordingly,
N o 3a
(2) 3) _ (3) 2\ _
Qi,r - Qi,r - aT<Pi,r - Pi,r ) - NT( 2 AfjvT - Z AUJ)
= j€c,
and
3a
(2) 3)) _ 2%
Z (Q[,r _Qi,r) - N ( Z Z Aij,r— Z Z Aij,r)'
ieC ieC) jels ieC) jet,
Analogously, we have
3a
(3) MY _ T
Z (Qi,r _Qi,r) N ( Z Z Ajjr = z Z A"I"T)
i€eCy ieC, jeC, ieC, jeCy
and

Y (00-02) =X (Y ¥ 4 -3 Y A

i€Cy i€Cs jec, i€Cy jEC,

Since the adjacency matrix A, is symmetric, the above results imply that 3. (szr) - QEST)) + Yiec, (in) - Qf?) +
Liec, (Ql(.lr) - Qf?) = 0. Accordingly, there exists a collinearity problem among components kar) forany 1<k+#g <K and i=
I,...,N.
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Suppose that the number of samples K > 3. Then, for any 1 < k; # k, # k3 < K, we can employ techniques similar to those used
above to obtain the following result:

Y (e -0f)+ x (e -0)+ X (e - o) =0, 3)

ieCk] reCkz ieC,c3

Thus, the collinearity problem exists. Note that if we set k; to 1, the number of equalities satisfying Eq. (3) is (K — 1)(K —2)/2. This is
because the number of combinations taken k, and k; from K is (K — 1)(K —2)/2 when 1 = k| # k, # k3 < K. This also explains why
the number of zero singular values of matrix X, is (K — 1)(K —2)/2.

To guarantee that the covariance matrix X, is positive definite, we adopt the following strategy of removing unnecessary compo-
nents.

e For any i; € C|, we remove Ql(.?)r, Qfle

@ %)

e For any i, € C,, we remove Qi2 FERETRY 2 e

e Forany iy , € Cx_,, we remove Ql(.f)z -

Although this strategy is not invariant to label permutations, it does not lead to any noticeable differences in practice, particularly
when N is large. This observation is further supported by the simulation studies presented in Section S.4.6 of the supplementary
material. Let L* = N(K — 1) — (K — 1)(K —2)/2. Define (Q,, ... 5QL*,T)T as the vector of remaining components, and denote X* =

(“i*j .) as the covariance matrix of (6 Lzsvees é L*,T)T. After removing the linearly dependent components, we assume that the matrix X*
is positive definite. Analogously, we obtain (ﬁ,r, ,fL*,T)T after removing the corresponding redundant components. The resulting
test is defined as

T, = max T2 4

,
I<i<pL* BT

and we name it the MPD test. To investigate the asymptotic distribution of MPD, we next introduce some technical conditions.

(C1) Forany 1 < k < K, there exists some constant y, such that n,/N — y, as N — oo. In addition, there exist two constants y,,;, and
Ymax Such that 0 <y <7, < ypax < L

(C2) For any L*, there exist some positive constants 4, and 4, such that 0 < 4} < 4,;,(Z%) < A, (Z¥) < 4,, where 4,,;,(A) and 4,,,,(A)
denote the minimum and maximum eigenvalues of the matrix A, respectively.

(C3) As N - o0, K is allowed to diverge as long as Kolog N - 0.

Condition (C1) implies that the number of observations from different samples is approximately balanced. A similar condition is
commonly used in the literature; see, e.g., Mukherjee et al. (2022) and Song and Chen (2022). Condition (C2) is mainly imposed
to facilitate the theoretical analysis of the proposed test statistic. Under this condition, there does not exist redundant information
among the remaining components él’, (I=1,...,L*). Similar to Kim (2021), Condition (C3) allows K to grow with N, but at a rate
substantially slower than N!/3. Such a restriction is required to control the Gaussian approximation error of the distribution of the
proposed test statistic. Under these conditions, we have the following theorem.

Theorem 1. Assume that Conditions (C1)—(C3) are satisfied, and the tuning parameter 7 is selected such that 0 < p,, < 1 and py, , # py5 -
Under the null hypothesis H,, we have that

sup [P{T,/log L* < x} — P{ max Zf/logL* <x}| =0,
eR I1<i<L*

as N — co, where Z = (Z,, ..., Z;»)" is a multivariate normally distributed random variable with mean zero and covariance matrix =z

The proof of this theorem is given in Section S.3.4 of the supplementary material. To guarantee that p, . remains non-degenerate,
Theorem 1 imposes some mild conditions on the tuning parameter 7. These conditions are intuitive. For example, when X;, X; ~
NQO, L), I1X; - X; || is approximately distributed as N (2p, 8p) when p is large. Hence, to ensure that the probability Do, remains non-
degenerate, the tuning parameter = should be chosen on the order of \/E In practice, = can be selected based on empirical quantiles
of the corresponding pairwise differences computed from the pooled observations. Further discussion on the selection of the optimal
tuning parameter is provided in Section 2.3.

Based on Theorem 1, we can reject the null hypothesis at the significance level « if T, > g,, where g, is the (1 — a)th quantile of the
distribution max, ;- Z2. Since this distribution does not have a closed form, we can employ a numerical method to find the critical
value. Specifically, we obtain the consistent estimator of the covariance matrix X*, by replacing p ;. p;; , and py,, in ¥ with p,, =
(NN =D} EN, 3 Ay Prie = Bo (= o) and pry, = (NN = DN =2} BN 50 8 (Ay - = o) Ais — o), Tespec-
tively. Denote the resulting estimator by £*. We then generate M observations from the multivariate normal distribution with mean

(m)
L e

compute S™ = max ;s Bf'")z, and obtain the empirical critical value S,, which is the (1 — a)th quantile of S©, ..., S™), Finally,

zero and covariance matrix ij Denote the generated mth observation by B™ = (B ,B(L","))T for m=1,..., M. Subsequently, we

we compare the test statistic T, with the empirical critical value S,, and draw the appropriate conclusion. Since this process is based
on the asymptotic distribution of the MPD test in Theorem 1, we refer to it as the asymptotic MPD (aMPD) test hereafter.

6
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It is worth noting that the convergence rate of the extreme value type tests may be slow (Lee et al., 2009). To boost the performance
of the MPD test, we adopt a permutation procedure to determine the critical value. The detailed procedure is described as follows.
At the bth step, we randomly permute the sample labels of all observations, and then calculate the test statistic 7;’ . We subsequently
repeat the above procedure B times and denote the critical value 7, as the empirical (1 — a) quantile of T*J, Ty 3 .- Finally, we reject

the null hypothesis if the test statistic T. is greater than the critical value 7.

This procedure is expected to control the size, as all observations are identically distributed under the null hypothesis and thus
can be randomly relabeled. For convenience, we refer to this procedure as the permutation MPD (pMPD) test. Although the aMPD
and pMPD tests adopt different strategies for determining the critical value, they are both fundamentally constructed upon the MPD
statistic. For clarity and brevity, in the subsequent analysis we refer to them collectively as MPD, unless an explicit distinction is
required.

Remark 1. To facilitate the derivation of the asymptotic distribution of the test statistic, we remove some redundant components
when constructing the test statistics. Otherwise, the covariance matrix may become rank deficient, which would affect the implemen-
tation of the aMPD test. However, the validity of the permutation MPD test does not rely on whether these redundant components
are removed. To examine whether this implementation choice affects finite-sample performance, we conducted additional simulation
studies in Section S.4.7 of the supplementary material. The results indicate that removing the redundant components has little effect
on the empirical size and power of the permutation-based test. Accordingly, for consistency, we remove the redundant components
in both the aMPD and pMPD tests throughout the paper.

In addition to studying T, under the null hypothesis, we next conduct a power analysis of the proposed test. To this end, we
investigate the behavior of p A(') (k) and ﬁ(l'; (k) included in the test statistic (4) under the alternative hypothesis. For any i € C;,j € C;
and m € C, define p;, , = E{I(||X- Xl < r)} and py . = E{I(||X/- =Xl < IIX; = Xl < r)}. We then show the asymptotic

properties of the means of p A(‘) (k) and 1’(1[2) (k) below.

Vg3

Proposition 2. For any 1 < g,,8,,83 < K, define 781gz = Under H,, we have that
81 ey
E(py ()} = 000 (k) 1= 7} P e 7k Pakrs
A0 0 1
and E{p ()} = o3 () = — - R Z S WPeyise — Peite
8 le{g;.k} se{g;.k}

2
+ Z y;,kpg,-lvfpg,svf Py }
s€{g;.k}

Under the alternative hypothesis, Proposition 2 demonstrates the asymptotic convergence of E { 50 LK)} and E{ ﬁ(l'z) (k)}. To eval-
uate the differences between the “within” and the “between” probabilities for each observation i across samples g; and k, we define

ol (=0 (k)1 - o} (k) and

(pgigisf B Pg,.k,f)z
1 (@) @
<ngi71 e ) [ llr(k)_GIZT(k)]

It is worth noting that vii)(k) = 0 under the null _hypothesis for any i and k. However, there exist some i and k such that vi”(k) >0
under the alternative hypothesis. Accordingly, vi’)(k) can capture the discrepancy between the null and alternative hypotheses. Using
Proposition 2 and (5), we are able to show the consistency of the MPD test below.

vO(k) = (5)

Theorem 2. Assume that Conditions (C1)—(C3) are satisfied, and the tuning parameter 7 is selected such that 0 < p,, < 1 and py, ; # p5 -
Under the alternative hypothesis H,, if max, <<y j<k<k v(k) > (4 + €)log L* for some positive constant e, then we have
P(T.>S,) > 1,

where S, is the empirical critical value.

The proof of this theorem is given in Section S.3.5 of the supplementary material. Theorem 2 implies that the power of the proposed
test converges to 1. To guarantee the consistency of the proposed test, Theorem 2 assumes that the maximum value of v(,’)(k) is not
too small. This assumption is sensible because it imposes a requirement on the strength of the difference between any two different
samples. It is also important to note that Theorem 2 only imposes a mild condition on the maximum value of vi’)(k) for different i and
k, rather than on the average value of v\”(k). Based on the definition of v"(k), the value of MaX) ¢;<N 1 <k<K v (k) can be relatively

large even if most of the samples are homogeneous and only a few samples are heterogeneous. Accordingly, the MPD test is expected
to perform well under sparse alternatives.

2.3. The choice of tuning parameter

Note that the result of Theorem 1 is valid for any . However, Theorem 2 shows that the power of the MPD test is associated with
the tuning parameter z. An inappropriate tuning parameter may lead T, to stay near zero even when the underlying distributions

7
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of the K samples differ. This motivates us to select the optimal tuning parameter to maximize the power of the MPD test while
maintaining the Type I error at a pre-specified significance level. Since it is a challenging task, this subsection explores a novel
approach to choose the tuning parameter r under some specific settings.

To simplify the analysis, we assume that all of the samples have the same number of observations, that is, n, = N/K = n for
every 1 <k < K. For any i € C,j € C}, let F;; be the cumulative distribution function of ||.X; — X j||2. Using the fact that py,, =
E{I(|X; - X,|| <)} defined above Proposition 2, we have F;,(r*) = p;; . In addition, denote the inverse function and the density
function of F; by Fk’ll and f,, respectively.

Under the null hypothesis, we have F,, = F,; and Fk‘k‘ F, (z>)— 7> =0 for any 1 < k,/ < K. In contrast, under the alternative
hypothesis, there exists some / (I # k) such that Fy, # F;; and F;' F,(z?) — t2 # 0. To find the solution of the optimal tuning parameter,
we consider a specific alternative hypothesis below.

H} @ FRlFy(t*) = 2 = o \/Klog L*/N,
for any 7 and for some / # k, where w,, is a finite constant that does not depend on = asymptotically. This hypothesis is quite common,
as it encompasses a broad class of shift alternatives. Two illustrative scenarios are presented below, while the detailed analysis is
provided in Section S.2 of the supplementary material.

Scenario 1: Mean Shift. Assume that Xi(]) (i=1,...,n) and X,.(z) (i =1,...,n) are independently generated from N(0,I,) and
N(u, I,), respectively. Suppose that p — o0, 72 = 2p + O(+/p), and +/p u? = 0. A straightforward calculation shows that Fl‘ll(Flz(rz)) -

1/4
72 = —pu*{1 4+ o(1)}. Then the alternative hypothesis H * holds if u = O(%) )

Scenario 2: Covariance Shift. Assume that X ,.(1) (i=1,...,n)and X 52) (i =1,...,n) are randomly generated from the distributions
N(0,1,) and N(0, (1 +¢%)I,), respectively. Suppose that p — o0, 72 = 2p + O(,/p), and 1/ps? — 0. Similarly, we obtain F;'( Fj,(z?)) -
2 = —po?{1 + o(1)}. Therefore, the alternative hypothesis H} holds if o> = O(, / l:%).

Under the alternative hypothesis H*, we have the following proposition.

Proposition 3. Suppose that n, = n for all 1 < k < K, and that fy, is uniformly bounded for all 1 < k,! < K. Under H{, maximizing
MaXx| ;<N 1<k<K vf)(k) is asymptotically equivalent to maximizing the following function:

2 2 2
wgikfgigi(T )
(1)

Pegre(l = Pgg0) = Gy (K)

O

max
I<i<N, 1<k<K

0 _ 1
2.0 =5 (zl’g,g,k»f T Pgigigir T pg,kk,r)'

The proof of this proposition is provided in Section S.3.3 of the supplementary material. To gain deeper insights into how the
results of Proposition 3 inform the selection of the tuning parameter z, we conduct a further analysis for Scenario 1. An analogous
analysis can be conducted under the covariance shift alternatives.

Scenario 1: Mean Shift. Under this scenario, we have Foo =F, foo =1 and Pegic = F(z?) for any i. Moreover, since the between-

where &

¢« 15 the same for all relevant pairs (g;, k) and is asymptotically free of 72. In addition, we can show
that p, o -2 Py, .00 Pekk,c = O(p~1), which implies that 65’2)J
be simplified to
FAFEN©)
J@&) = —F—7F—,
‘1-9

where & = F(2) € (0,1) and 72 = F~1(¢). Denote & = argmax;c ,J (¢). Under this scenario, we find that £ is approximately 0.5.
Accordingly, we can set the tuning parameter 7 as the median of ||X; — X/ || in this example.

Although this specific example only focuses on the comparison of two distributions, the above analyses can be straightforwardly
extended to the K-sample (K > 2) problem by assuming that X i(k) (i=1,...,nand k =1, ..., K) is generated from the multivariate nor-
mal distribution. In addition, this example leads us to recommend the median of || X; — X;||, computed from the pooled observations,
as the tuning parameter 7 in real practice. Simulation studies in Section 3 of the main paper and Section S.4 of the supplementary
material support this recommendation. To assess the robustness of this choice, we also conduct simulation studies in Section S.4.5 of
the supplementary material by considering three different zs (i.e., 7 = 25%, 50% and 75% quantiles of || X; — X;|). Simulation results
indicate that the three different s yield comparable results, and the median of || X; — X;|| performs the best in most cases.

sample distance is symmetric, w

(k) — 0 as p diverges. Combining the above analysis, the function (6) can

2.4. Comparison with the edge-count test

To further characterize the property of MPD, this subsection makes a power comparison between the MPD test and the edge-count
test proposed by Chen and Friedman (2017) with K = 2. Such studies can be extended to K > 2 by comparing the MPD test and the
generalized graph-based multisample test proposed by Song and Chen (2022).

The edge-count test statistic is defined as follows:

_ Ry —
Se=(Ry =i Ry — )X 1( R;—Z; >
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where R, = %Ziecl Yiec, Aijer Ry = %Ziecz Yjec, Aijer i = E(R)), iy = E(Ry) and X is the covariance matrix of the vector
(Ry, R,)T. For the sake of simplicity, we assume that n; = n, = N/2 = n. Denote G as the graph corresponding to adjacency ma-
trix A and G; as the subgraph in G that includes all edges that connect to observation X;. Let |G| and |G;| be the total number of
edges in G and G;, respectively. Based on Lemma 3.1 of Chen and Friedman (2017), we have limy_, ¢, = limy_ 4, = |G|/4 and

N ( A+ A, —(A =4y >

lim sl — 1
N—eo 40,(NA, — A\ —(A; = Ay A+ A,

2 . )
where A, = |G| - %lGl2 and A, = Zi'il 1G> - %. For i € C,, define p" = % ZjECgi Ay, and p? = % ngcgf Aj; .. In order to

assess the intrinsic difference between our proposed test and the edge-count test, we obtain the following property.

Lemma 1. For the edge-count test S,, as N — oo, we have that

N
. N3 .
limy_ .S, = m{(4A1 + Az) Z(P:-qu —P:-),L;’)z
2 1 2 i=1
+ (2802880 ) X0 X Gl - el —
ieC, jeCy
s(aa+8) 3T ol -0l -
i€Cy i#),jeC,
+ <4A1 + Az) z Z @ = PO, ~ p;f‘,’)}
i€Cy i#j,jeCy

The proof of the above lemma is given in Section S.3.1 of the supplementary material. According to Lemma 1, the test statistic
S, can be regarded as the weighted summation of the elements (p;:"f - p:.”;’)(pj."r - p}?"r’) over 1 <i,j < N.In particular, if the density of
the graph G is 0.5, then A; = 0 and we can obtain

N 2
S, x [Zu):;"f —pz‘;@] .

i=1

This indicates that the test statistic S is approximately proportional to the square of the summation of elements p::f‘T - pﬁ'f (1<i<N).
In contrast, the MPD test can be regarded as the maximum of the elements (pi”r - p?ff )2 over 1 <i < N. That is, the proposed test is
based on the maximum difference between the “within” and the “between” probabilities across all observations. Hence, the proposed
test is expected to exhibit high power when testing the small distributional difference between two samples.

To facilitate further analysis, we examine and compare the conditions necessary to guarantee the consistency of the MPD and S,
tests across Scenarios 1 and 2.

Scenario 1: Mean Shift. Under this scenario, the MPD test requires that u > C{logn/(pn)}'/4, to satisfy the condition,
maxX ¢;on 1 <k<K vii)(k) > (4+¢)log L*, in Theorem 2. Conversely, the edge-count test statistic, .S, is consistent against all alterna-
tives if u > C/ \/E for some positive constant C. Hence, if p > n, the edge-count test enables us to detect subtle differences between
two different means. However, if p < n, the MPD test only needs to impose a mild condition (i.e., 4 > C{logn/(pn)}'/* given above)
to detect mean differences. Accordingly, it can perform better than .S, .

Scenario 2: Covariance Shift. Under this scenario, these two distributions differ in their covariances. If 62 > C{logn/(pn)}'/2,
then the condition max, ;< j<k<k v(k) > (4 + ¢)log L* holds in Theorem 2 for obtaining the consistency of MPD. To assure the .S,
test is consistent against all alternatives, it requires that ¢ > C /\/E for some positive constant C. Accordingly, .S, places a stricter
requirement on the difference between two covariances. This finding is supported by simulation studies in Examples 5 and 6 of the
supplementary material.

The detailed analysis is provided in Section S.2 of the supplementary material. In summary, under mean-shift alternatives, the
MPD test tends to outperform the S, test when the sample size is large relative to the data dimension, whereas the edge-count
test may be more powerful in the opposite regime. In addition, the proposed test is expected to exhibit higher power under the
covariance shift alternatives and the distribution shift alternatives; see simulation results in Tables S.9 and S.10 in the supplementary
material. As aforementioned, the above analyses can be extended to K > 2 by comparing the MPD test and the generalized graph-based
multisample test.

3. Simulation studies

In this section, we conduct Monte Carlo experiments to illustrate the effectiveness of the proposed tests under various experiment
settings. To make comparisons, we include our proposed tests (aMPD and pMPD) and the other four graph-based tests, which are
the graph-based LP-nonparametric (GLP) test proposed by Mukhopadhyay and Wang (2020), the multisample crossmatch (MCM)
and the multisample Mahalanobis crossmatch (MMCM) tests proposed by Mukherjee et al. (2022), and the generalized graph-based
multisample (GGM) test proposed by Song and Chen (2022).

Note that the GLP test was implemented using the “LPKsample” R package, the MCM and MMCM tests were implemented by the
“multicross” R package, and the GGM test was implemented by the “gTestsMulti” R package. Under the two-sample setting, the GGM

9



D. Puetal Journal of Econometrics 257 (2026) 106313

test is equivalent to the edge-count test proposed by Chen and Friedman (2017). According to Song and Chen (2022), the GGM test
is based on a 5-MST. In the following experiments, the nominal level of the tests is set to 0.05, and each experiment is randomly
replicated 500 times.

3.1. Experiment settings

This subsection employs the following example to compare the finite-sample performance of six tests under different dimensions.
In this example, we consider three scenarios: mean shift, covariance shift, and distribution shift. Under the mean and covariance
shifts, the data were generated from the multivariate normal distribution. Under the distribution shift, the data were simulated from
multivariate ¢ distributions. To demonstrate the effectiveness of the proposed test, sparse alternatives are designed to evaluate the
empirical power of six tests. Specifically, for the K samples, we consider sparse alternatives F; # (F, = --- = Fg) in our simulation
studies. Additional experimental settings with sparse alternatives under different scenarios and dense alternatives are relegated to
the supplementary material.

Example 1. In this example, there are K = 5 samples (groups) and five multivariate dimensions, p =5, 25, 100, 200, and 400. In
addition, three different alternatives are considered: mean shift, covariance shift, and distribution shift. In each setting, the sample
sizes are N = 250 and 500.

¢ Mean shift: the mean varies among different groups. For k = 1, we randomly generate X fk) (i=1,...,N/K) from a standard mul-
tivariate normal distribution N(0, 7). Fork=2,..., K, X fk) (i=1,...,N/K)is randomly generated from the distribution N (ks 1p)-
Here, the empirical sizes are evaluated at x,, = 0, while the empirical power is calculated under «,, = 0.2.

e Covariance shift: the covariance matrix varies among different groups. For k = 1, we randomly generate ka) (i=1,...,N/K)
from a standard multivariate normal distribution N(0,1,). For k=2,..., K, X ,.(") (i=1,...,N/K) is randomly simulated from the
distribution N(0, I, + k,11T). The empirical sizes are evaluated at x, = 0, while the empirical power is calculated under «, = 0.2.

¢ Distribution shift: the distribution varies among different groups. For k = 1, we randomly generate X [.(k) (i=1,...,N/K) from
a standard multivariate normal distribution N(0,1,). For k=2,...,K, X l.(k) (i=1,...,N/K) is randomly generated from a multi-
variate ¢-distribution, te, (0, I,), with mean 0, covariance I, and degrees of freedom «, = 20. The empirical sizes are evaluated at
Kk = oo, while the empirical power is calculated at x, = 20.

3.2. Experiment results

We next present the Monte Carlo experimental results of various tests based on 500 replications. The empirical sizes and power
for Example 1 are summarized in Tables 1 to 2. Table 1 summarizes the empirical sizes of the six tests for Example 1. The results
indicate that if the observations are generated from a multivariate normal distribution, the six tests generally control the empirical
sizes well.

As for power analyses, Table 2 presents the empirical power of the six tests for Example 1 as the dimension p increases from 5 to
400. From Table 2, we can draw the following conclusions. First, regardless of the type of shift alternatives, almost all tests’ power
improves as the number of observations » increases. The results of our proposed tests are consistent with the theoretical finding in
Theorem 2. Second, under the mean and covariance shift alternatives, the power of all six tests increases to 1 as the dimension p
increases. This finding is not surprising since the differences among K groups become larger as the dimension p increases. Under
the distribution shift alternatives, the proposed aMPD test, the pMPD test and the GLP test also show power improvement as the
dimension p increases. However, the power of the MCM, MMCM and GGM tests exhibits either little improvement or reduction as the
dimension p increases. This finding indicates that these three tests are not steady under distributional alternatives. Third, under the
mean shift alternatives, the GLP and GGM tests perform better than the other four tests when p/n is not small. Otherwise, pMPD and
aMPD are superior or comparable to their competitors; see, e.g., p = 5 and 25 under both N = 250 and 500. This finding is consistent
with our discussion in Scenario 1 of Section 2.4. Note that, under the covariance shift alternatives, the pMPD and aMPD perform the
best across all » and p, although GGM also exhibits good power. This finding supports our discussion in Scenario 2 of Section 2.4. As
for the distribution shift scenario, the proposed pMPD and aMPD tests outperform other existing tests. Fourth, the power of the pMPD
test is larger than that of the aMPD test when the number of observations is small regardless of the shift scenario. As the number of
observations increases, the pMPD and aMPD tests yield similar power. This finding is expected since aMPD is evaluated under the
asymptotic distribution of the MPD test in Theorem 1.

In sum, the simulation studies show that the pMPD and aMPD tests can control sizes well under all settings, and they have a
power advantage under the covariance and distribution shift alternatives. We recommend using pMPD if the number of observations
is not big. Otherwise, aMPD is recommended because it is computationally feasible and efficient. To save space, additional simulation
studies for K = 2 are presented in Section S.4.3 of the supplementary material.

4. Real data analysis

Corporate credit ratings are valuable tools in the field of risk management because they allow investors and creditors to get a
sense of a company’s ability to pay its debts and then make risk-based lending decisions see, e.g., Huang et al. (2004), Wang and Ku
(2021). Hence, it is critical to identify relevant features that influence credit rating scales see, e.g., Shin and Han (2001), Lee (2007),
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Table 1

The empirical sizes for Example 1.
N P pMPD aMPD GLP MCM MMCM GGM
250 5 0.038 0.026 0.058 0.062 0.046 0.054

25 0.052 0.034 0.072 0.056 0.062 0.052
100 0.076 0.046 0.063 0.066 0.044 0.052
200 0.062 0.046 0.073 0.042 0.036 0.060
400 0.054 0.038 0.067 0.058 0.028 0.042

500 5 0.062 0.040 0.037 0.066 0.046 0.050
25 0.050 0.044 0.071 0.056 0.048 0.062
100 0.044 0.038 0.048 0.056 0.044 0.066
200 0.042 0.038 0.063 0.068 0.038 0.058
400 0.052 0.032 0.055 0.046 0.046 0.050

Table 2
The empirical power of Example 1.
N p pMPD aMPD GLP MCM MMCM GGM
Mean 250 5 0.130 0.092 0.105 0.104 0.044 0.096
Shift 25 0.234 0.176 0.219 0.160 0.094 0.244

100 0.392 0.308 0.629  0.298 0.216 0.700
200 0.590 0.520 0.965 0.428 0.432 0.970
400 0.872 0.798 1.000  0.640 0.792 1.000

500 5 0.312 0.238 0.164  0.080 0.066 0.112
25 0.642 0.588 0.432 0.200 0.124 0.470
100 0.932 0.910 0.988  0.498 0.458 0.986
200 0.996 0.990 1.000  0.772 0.862 1.000
400 1.000 1.000 1.000  0.932 0.998 1.000

Covariance 250 5 0.110 0.068 0.069  0.078 0.052 0.084
Shift 25 0.464 0.356 0.219  0.144 0.090 0.306
100 0.980 0.964 0.952 0.212 0.174 0.858
200 1.000 1.000 0.966  0.336 0.262 0.980
400 1.000 1.000 0.982 0.434 0.430 1.000

500 5 0.200 0.146 0.092 0.094 0.052 0.122
25 0.900 0.868 0.440  0.190 0.108 0.606
100 1.000 1.000 1.000  0.422 0.394 0.994
200 1.000 1.000 1.000  0.524 0.610 1.000
400 1.000 1.000 1.000  0.722 0.832 1.000

Distribution 250 5 0.050 0.024 0.074  0.066 0.052 0.056
Shift 25 0.060 0.030 0.094  0.074 0.066 0.128
100 0.534 0.378 0.160  0.080 0.048 0.186
200 0.936 0.854 0.222 0.076 0.044 0.146
400 1.000 1.000 0.341 0.074 0.056 0.084

500 5 0.060 0.034 0.048  0.062 0.060 0.056
25 0.142 0.104 0.136  0.058 0.036 0.296
100 0.988 0.966 0.350  0.066 0.052 0.380
200 1.000 1.000 0.595 0.096 0.042 0.208
400 1.000 1.000 0.831 0.094 0.054 0.098

Hajek and Michalak (2013). However, this task is challenging due to the complex nature of the data. Some parametric methods, such
as the classical multinomial logistic regression, face the risk of model misspecification. This necessitates the development of some
robust non-parametric methods for feature selection. In this section, we follow the approach of Ghosh et al. (2021) and employ the
proposed test to select relevant features that have the most influence on different credit rating scales.

To proceed with this empirical experiment, we collect the credit ratings of 258 companies listed on the New York Stock Exchange
in 2022 from Standard and Poor’s 500. The original rating of Standard and Poor’s includes 22 scales, ranging from AAA to D. Figure
S.1 in the supplementary material depicts the distribution of the credit rating levels of these 258 companies. As shown in Figure
S.1, the credit ratings of most companies range from BBB to B. Few companies have credit ratings higher than A or lower than CCC.
To avoid an imbalanced dataset, we reformulate the 22 rating levels into 5 groups so that the number of companies in each group
is approximately balanced; see Table S.16 of the supplementary material. That is, the 258 companies are divided into five groups,
which leads to K =5 and N = 258 in our empirical analysis.

Motivated by Hajek and Michalak (2013), we collect 26 financial features (variables) of each company from Bloomberg, a global
provider of business, financial, and news information. These features fall into six categories: size of a company, profitability ratios,
activity ratios, liquidity ratios, leverage ratios, and market value ratios. The details of financial features are presented in Table S.17
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Fig. 2. The results of feature selection for various tests.

of the supplementary material. For each feature, the missing value is replaced by its mean value calculated from 2019 to 2021. In
addition, each feature is centralized and standardized to have zero mean and unit variance. For brevity, let X ,.(k) € R denote the
financial feature vector associated with the ith company in the kth group.

We next apply the graph-based feature selection algorithm proposed by Ghosh et al. (2021), together with the proposed MPD test,
to identify informative features that are related to corporate credit ratings. Specifically, we compute the 26 x 26 sample correlation
matrix for the 26 features and apply single-linkage hierarchical agglomerative clustering to construct a dendrogram 7. The leaves of
T correspond to individual features; ascending the tree sequentially merges them into progressively larger feature subsets until all
features coalesce at the root.

Next, for each node of the tree 7, we apply the MPD test to the corresponding subset of features to assess whether the 258
companies in the five groups share the same distribution. If the null hypothesis is not rejected at a node, we treat the features in that
node as uninformative and stop exploring that branch. If the null is rejected, we proceed to its child nodes and continue testing until
we identify minimally significant subsets-nodes that are significant while their children are not. We carry out this top-down recursion
over the tree and define the selected features as the union of those contained in all minimally significant nodes. By Theorem 1 of
Ghosh et al. (2021), provided the underlying test is asymptotically consistent, this procedure recovers all truly contributing features
with high probability and controls both the family-wise error rate and the false discovery rate at prespecified levels. Consequently, it
allows us to select features that can accurately distinguish corporate credit ratings. The relevant features identified by the aMPD and
PMPD tests are shown in Fig. 2.

For the sake of comparison, Fig. 2 also depicts the results selected by the MCM, MMCM and GGM tests. The GLP test is not included
for comparison, since it does not control size well in some simulation studies; see Tables S.1 and S.2 of the supplementary material.
From Fig. 2, we can draw the following two conclusions on feature selections. First, the features measuring the size of the company
are selected by all of the tests. This finding implies that the credit rating of a company is closely related to its size. In addition to
the size of the company, some financial indicators, which belong to the categories of profitability ratios, leverage ratios and market
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Table 3
The p-values of the pMPD and aMPD tests in testing six different combinations of
groups under the feature “PS”.

Groups  {1,2,3,4,5}  {1,2,3,4} {1,2,3,5} {1,245 {1,345} {2,345}

pMPD <0.001 0.002 <0.001 <0.001 <0.001 0.207
aMPD <0.001 0.010 <0.001 <0.001 <0.001 0.648

value ratios, are also selected. However, none of the five tests select features in the categories of activity ratios and liquidity ratios.
This suggests that the influence of those features on the credit rating of a company is weak and non-significant.

Second, the aMPD and pMPD tests yield the same results in terms of feature selections. Specifically, these two tests select 18
important features out of 26 features. Thus, they select more features than the other three tests; see Fig. 2. For example, the aMPD
and pMPD tests select the feature “PS”, while the other tests leave it out. To explore this finding, we apply the proposed test to
investigate whether the feature “PS” exhibits homogeneity starting from the five groups. The results are shown in Table 3, which
indicates that the “PS” exhibits distributional homogeneity among Groups {2, 3, 4, 5}, except for Group 1. Accordingly, the feature
“PS” plays an important role in distinguishing Group 1 and the remaining groups. An analogous finding is on the feature “Debt-
Asset”. This is because, based on this feature, the aMPD and pMPD tests show that there exist significant differences among Groups
{1,2,3,4,5}, but not among Groups {3,4,5}. As shown in Fig. 2, the proposed test can successfully select the relevant feature “Debt-
Asset”, while the GGM test cannot. The above two illustrations indicate that our proposed MPD test is powerful in detecting the small
differences of features among different groups.

In addition, we compare the variable selection results obtained from our proposed procedures with those produced by the lasso
and random forest; see Section S.5.3 of the supplementary material for additional details. The results show that the lasso identifies
six predictors, all of which are also selected by the pMPD and aMPD tests. Similarly, the ten most important predictors identified by
the random forest are likewise included in the sets selected by pMPD and aMPD. These findings suggest that the proposed methods
are able to effectively identify the key features driving the differences across credit-rating categories.

5. Concluding remarks

This paper proposes a graph-based maximum pairwise difference test, MPD, to address the K-sample problem. Specifically, we
construct a similarity graph among the pooled observations, and then doubly maximize the squared differences between the within
and between probabilities of different samples for each observation. We not only derive the asymptotic distribution of the MPD test
under the null hypothesis, but also establish its consistency under general alternatives. In addition, we demonstrate that the proposed
MPD test is superior to other known multisample tests via extensive simulation studies and an empirical example.

Several potential topics can be considered for future research. First, extend the MPD test to handle complex datasets, such as panel
count data see, e.g., Balakrishnan and Zhao (2009). Second, generalize the MPD test to change point detection see, e.g., Chen and
Zhang (2015). We believe these efforts would expand the usefulness of our proposed test.
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